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| Written solutions to the chapter problems. Check each step, then correct yourself.

o Limit of a rational sequence
3

n

Divide the numerator and denominator by n: . Since % — 0 and % — 0, the limit is

7
n

5

5

0 Sum of a geometric series

The first term is @ = 3 and each term is half the previous one, so r = % Since |r| < 1, the

= 6.

sum Is 1
2

° Use the divergence test

n [—
n+4 1+%

— 1 £ 0. By the divergence test, the series diverges.



o Classify three p-series

1/2

These are p-series. (a) p = 3 > 1: converges. (b)) — =n""/%,sop = % < 1: diverges.

n
(c)p= % < 1: diverges.

o A repeating decimal

0.272727...=0.27 + 0.0027 + 0.000027 + - - -, with @ = 0.27 and » = 0.01. The sum
. 027 027 27 3
1—-0.01 0.99 99 11’

o A telescoping partial sum

The terms telescope: sy = (1 — %) + (% — %) 4+ 4 (% — L) =1-

N+1
34=1—%:%.AsN—)oo,sN—>1,sothesumisl.

° Radius of a simple power series

This is geometric with ratio = 3. It converges when |%| < 1, thatis |z| < 2,s0 R = 2.

_ 1
Atz = 1 the sumis

_l=2.

2

o A bouncing ball

The first fall is 10 ft. The rebound heights are 6, 3.6, 2.16, . . ., a geometric sequence with

a = 6 and » = 0.6; each rebound is traveled twice (up and down).

Sum of rebound heights: = 15 ft. Total: 10 4 2(15) = 40 ft, which is about 12.2

1-0.6

m.

.So



o Ratio test with powers

_(n+1)2 3 1(n+1
T3l 2 3

Qn+1
an

2
1
) — 3 < 1. The series converges absolutely.
n

° Two comparisons

(a) Forn > 1,

< —, and L conver es, so the series converges.
n2+5 n2 2 9 9

(b) C ithd 1. an n — L finit iti ber. Si Z 1
ompare wi = — — = —, a finite positive number. Since =
P " b, om—1 2 P n

diverges, so does 3 51~

0 Integral test with an exponential

Let f(x) = ze  Itis positive and continuous. Its derivative is

f'(x) = (1 —2z2)e™® < Oforx > 1, s0 fis decreasing.

oo
2 27
/ ze T dr = [—%e_fc ] = 2% ~ 0.184, which is finite. So the series converges.
1 1

Q How many terms are enough?

1t
(N+1)2
For N = 2: % =~ 0.111, too big. For N = 3: 1_16 = 0.0625 < 0.1. So three terms suffice:
+1 =3 ~086L

The terms # decrease to 0, so the error after IV terms is at mostby 1 =

83=1—

=

e Absolute or conditional?

The terms % decrease to 0, so the alternating series test shows convergence. The
2

absolute series is Z n~1/ , @ p-series with p = % < 1, which diverges. So the series is

conditionally convergent.



Q A Maclaurin approximation

Replace z by 2x in e*:

2 2 2 3
ezz=1—|—2w+(;) —I—(z) —I—---=1—i—2w—|—2w2—|—%w3—|—---.

Atz =0.1: 1+ 0.2 + 0.02 + 0.00133 = 1.22133. The exact value is €%2 ~ 1.22140, so

the error is less than 0.0001.

G True or false?

(a) False: a,, = % — 0 but the harmonic series diverges. (b) True: this is the divergence
test. (c) True: absolute convergence implies convergence. (d) False: the terms =1 do not

tend to 0, and the partial sums keep switching between two values (—1 and 0 if the sum

starts atn = 1).

Q Interval of convergence

T T
Antl | _ 21 AL 21 . The series converges for || < 3,s0 R = 3.
anp 3 n+1 3

Atz = 3: Z % the harmonic series, diverges. Atz = —3: Z # which converges by

Ratio test:

the alternating series test. The intervalis [—3, 3).

° A telescoping series with partial fractions

2 1 1
Partial fractions; — = — — . The partial sum telescopes, leaving
nn+2) n n+2

— i1 1
sNn=1+35 -7~ 72

As N — 00,8y — %.Thesum is %



e When the ratio test fails

2

For %: — 1. For 2 — 1. Both give L = 1.
n 2

n+1 (n+1)

But Z % diverges and Z % converges (p-series). So when L = 1 the series can do

either: the ratio test is inconclusive.

e Root test

2 1
The root test gives v/ |a,| = nt

— — < 1. The series converges absolutely.

3n+4 3

@ Estimating a logarithm

With z = 0.1: 0.1 — 0.005 + 0.000333 = 0.095333.

The series alternates with decreasing terms, so the error is at most the next term,

14
OT = 0.000025. The true value 0.095310 indeed differs by about 0.000023.

Q Differentiating a power series

1 z
Diff tiate t by term: ———— = 3" nz™ 1 Multiply by z: ¥ nz" = ———.
ifferentiate term by term Y Doy ultiply by : ) i-2)
1/2 n
Atz = 3 =2S0) — =2
T e

@ Factorial and power

1)  nn n 1\™" 1
An+l _ (n + ) o n =(14+= — — =~ 0.368 < 1. The series
an (n+1)"t1 n! (n+1)" e

n
converges.
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