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| Written solutions to the chapter problems. Check each step, then correct yourself.

o Parts with cosine

Takeu = 2, dv = cosz dz, sodu = dz, v = sin z.

Jzcoszdr =zsinz — [sinzdz = zsinz + cosz + C.

6 Parts with sin 2x

Letu = x, dv = sin 2z dx; then du = dx, v = —%cos 2.

Jxsin2zde = —%cos2z + %fcos2wdw = —Zcos2z + %sin2w +C.

° Odd power of cosine

3

Write cos® £ = (1 — sin® ) cos x and let u = sinz, du = cos z dz.

f(l—uz)d'u,:u—“Ts—l—C:sinm—%—l—C.

o Sine times a fourth power

5 5

U cos’ x
Letu = cosz, so du = — sinx dz. Then —fu4du = 5 +C=-—

C.
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° Simple partial fractions

1 A B _ o 1
@—2)@+2) =23 + 212 withl=A(z+2)+ Bz —2). Ate =2 A = e
atw=—2:B=—%.
fw2—4 —Zln|w—2|—zln|:c—|—2|—|—0—Zln|w+2‘+0’.

o A first improper integral
b _3 1 b 1 1 . 1 .
fl T %dr = [— 2—.'132] . =5 — 2_172 As b — 00 this tends to 5 - Theintegral converges

to % (p-test with p = 3).

° Pick the technique

a. u-substitution with © = 2, because 2z dz = du is already present.
b. Integration by parts: a polynomial times an exponential.
c. Partial fractions: the denominator factors as (z — 3)(x + 3).

1—cos 2z

d. The half-angle identity sin? z = >

o Double parts

Firstu = 22, dv = e®dx: [z%e®dz = z2%e® — 2 [ we®dx. Second, [ ze®dz = (z — 1)e”.

So an antiderivative is e®(z% — 2z + 2).

Jl=e(l-2+2)—(1)(2) =e—2~0.718.



o Root times logarithm

Takeu = Inz, dv = 2/2dz, v = %ws/z' Then

[vzInzdz = 22%%Inz — 2 [2'2de = 2232 Inz — 4232

At 4: %ln4 — %. At 1: —%. Difference: %ln4 — % ~ 4.282.

Q Even powers

1 2 2 1

. . . . 9 1 —cos4z
sinx cosx = 5s1n2:c, so sin” x cos” x = 4sin 20 = ————

8

T sin 4z
f—g— v +C.

0 Area of a quarter disk

Letz = 2sinf, dz = 2cosfdf;z =0 — 60 =0,z =2 — 6 = 5. Theintegrand is
- /2
2 cos 6, so the integral is [ 2 4cos?0df = 2[0—|—sin00050]0 =T

Geometrically this is the area of a quarter of a disk of radius 2: %7‘(‘ .22 = .

@ Two linear factors

?+z—2=(z—1)(z+2). Write2z + 3 = A(z +2) + B(z — 1). Atz = 1: 5 = 34,
A=3 Atz=-2-1=-3BB=1

[=32l|z— 1]+ tIn|z+2[+C.

@ An exponential tail

By parts, u = z, dv = e~ 3%dz: fa:e_3”’d:1: = —%6_3“” — %6_3“’. Atb — 00 both terms

tend to O; at O the value is —%.

So the integral equals 0 — (—%) = %.



Q Integral of In x near zero

Antiderivative: £ In £ — z. So the integral is

! = (0—1) — limyg+(t In¢ — ¢). Since £Int — 0, the limitis 0 and

the integral equals —1.

lim;_,o+ [:1: Inz — :1:]

G Drug exposure

By parts, with 4 = 8t, dv = e 0%tdt, v = —2e0-5:
[ 8te 0% dt = —16te™0% + 16 [e 0% dt = —16te 05" — 32705,

At oo the value is 0 and at O it is —32. The total exposure is 32 mg-h/L.

G A cycle of exponential and cosine

LetI = [e** coszdx and J = [e** sinz dz. Parts gives I = 1 e cosx + 1 5J and

J = % 2Zginx — lI.

Substitute: I = 1 e?® cos + 1 e sinx — —I so 5I—e (%cosw—i—%sinm).

e?*(2cos z + sin z)
5

I= +C.

° Tangent substitution with a square

Letz = 3tan, dr = 3sec2 0do,Vz2+ 9 = 3sech. Then
3sec? 6 cos 0 1

== —+C
f9tan20-3sec«9 fsm 29 ~ 9sinf
/72
From the triangle, sin § = , SO f = w——|—9 + C.

N 9



e Substitution then parts
Let u = 2, du = 2z dz: fa:3e”2d:1: = % [ ue¥du. By parts, [uedu = (u — 1)e*.

So f:z:3e“”2d:1: = 1(2? - 1)e*’ + C.

e Partial fractions and a limit
1 1 T

D ==
ecompose m(w2—|—1) - i 332—|—]_

Inz — ZIn(z? +1) =In

. An antiderivative is

:1:2+1.
Asb — oo b — 1,s0th lue atbtendstolnl = 0. At1itisIn 1 L1n2
S , —— , S0 the value a ends to = U. itislpn — = — =
Vb2 +1 \/5 2

The integral converges to %1n2 ~ 0.347.

@ Estimating pi

h = 0.25. Values: £(0) = 4, £(0.25) = 3.7647, £(0.5) = 3.2, £(0.75) = 2.56, f(1) = 2.

Ty = 0.125[4 + 2(3.7647 + 3.2 + 2.56) + 2] ~ 3.1312 (error about 0.0104).

025

S4 [4 + 4(3.7647) + 2(3.2) + 4(2.56) + 2] =~ 3.14157 (error about 0.00002).

Simpson’s rule is more than 400 times more accurate here.

Q Telescoping improper integral

1 1 1
——— = — — — 5o an antiderivative is In .Atooittendstolnl =0;at 1
zxz+1) = z=+1 z+1
itis In % The integral equals 0 — In % =In2 ~ 0.693.

1 < 1
22+z+1  z(z+1)
second integral converges (and is less than In 2).

Forzg >1,z*24+z+1> z(zx+1),500 < . By comparison, the



Q A slow divergence

der . dz b
. : f, T [ln(lnar:)]2 = In(lnb) — In(ln 2).

letu =Inz, du =

Asb — 00,Inb — 00 and so does In(In b). The integral diverges, although very slowly:

even for b = 1990 the value is only about 7.27.
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