Exponents and Scientific Notation: math lesson,
Grade 8 - download the PDF

A single grain of rice is tiny, yet a chessboard story says that doubling one grain
on each square would pile up a mountain of rice. Powers are the shortcut that
makes such huge (and microscopic) numbers easy to write and compare. In this
chapter you will master the rules of exponents, extend them to zero and negative
exponents, and use scientific notation to handle the biggest and smallest

quantities in science.

1. What is an exponent?

0 Power, base and exponent

For a number @ and a positive integer n, the power a™ means a multiplied by itself n

times:

a®"=axax---Xa

WV
n factors

The number a is the base and n is the exponent. We also say that a” is “a to the nth

power”.

Forexample,2° =2 x2x2x2x2=232and10® =10 x 10 x 10 = 1,000. By convention,

al = a. The exponent only counts the factors: 2% is not 2 x 5.
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The chart shows how quickly powers grow: each time the exponent goes up by 1, the value of 2™
doubles. Powers of 10 are even more dramatic, and they are the key to scientific notation later in
this chapter.

@ Watch the sign

The exponent applies only to what is directly in front of it. (—3)2 = (—3)(—3) = 9,

but —32 = —(3 X 3) = —9. An odd exponent keeps a negative base negative:
(—2)% = —8.

2. The product rule

What happens when you multiply two powers with the same base? Write them out:
32 x 3% =(3x3) x (3x3x3x3)=238 Thereare 2 + 4 = 6 factors in total.

o Product rule

For any nonzero base a and integers m and n:

When multiplying powers with the same base, keep the base and add the exponents.



G Example 1

Simplify 53 x 5% and (422)(3z°).
39 s i — B BT

Multiply the numbers, then use the rule on the variable:
(422)(3z%) = 12225 = 1227.

Same base only

The rule works only when the bases match. 23 x 32 = 8 x 9 = 72 cannot be written

as one power of 6. And never multiply the bases: 23 x 24 = 27 not 47.

3. The quotient rule

Dividing powers cancels common factors. For instance,

7_5_7><7><7><7><7
72 Tx7

o Quotient rule

For any nonzero base a and integers m and n:

=TxTx7="T5.

When dividing powers with the same base, keep the base and subtract the

exponents.



G Example 2

— 10° g 12a8
Implify an
104

4a3
10°
— =10°"* = 10° = 100,000.
10
o - 124° 8—3 5
Divide the numbers and use the rule on the variable: 13 = 3a = 3a°.
a

4. Power of a power

Now raise a power to another power: (23)2 = 23 x 23 = 2313 = 26 — 64. Two groups of three
factors make six factors.

o Power of a power, product and quotient

For nonzero a and b and integers m and n:

(@™)" =a™" (ab)" = a"db" (%)n = Z—:

When raising a power to a power, multiply the exponents. An exponent outside

parentheses applies to every factor inside.



G Example 3

Simplify ()% and (32%)3.

(3z2)3 = 33 x (z2)3 = 27z%. The exponent 3 hits both the 3 and the 2.

Add, multiply, or neither?

Compare (23)% = 28 = 64 with 23 x 22 = 25 = 32. Powers multiplied together: add

exponents. Power raised to a power: multiply exponents.

5. Zero and negative exponents

What should 2% or 273 mean? Look for a pattern. Each time the exponent drops by 1, the value is
divided by 2:



23 8
22 y
21 2
20 1
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To keep the pattern (and the rules above) working, we define the following.

° Zero and negative exponents
For any nonzero number a and positive integer n:
a®=1 a "= —

A negative exponent means “take the reciprocal”. It does not make the number

negative.



G Example 4

2 _2
Evaluate 572 and (g) , then simplify z3 x x7°.

2\ (3\* 9 , _ _
g = 2 = 1 because a negative exponent flips the fraction.

P xeP=2300 2= —

0 Zyro’s trick

On my planet we say: “negative exponent, flip it upstairs or downstairs.” Move the

power to the other side of the fraction bar and its exponent turns positive!

Common mistake

1
273 equals g not —8. Also remember a® = 1, never 0 (for @ # 0).

6. Scientific notation

Scientists deal with numbers like the number of seconds in a century or the width of a virus.

Writing all those zeros is slow and error-prone, so we use powers of 10.



0 Scientific notation

A number is in scientific notation when it is written as
a x 10" with 1 < |a| < 10 and n an integer.

The factor @ has exactly one nonzero digit to the left of the decimal point.

+]/5(3)(o]le][0]lo)o]

45,300,000 = 4.53 x 10’

Method: converting to scientific notation

1. Place the decimal point after the first nonzero digit to get a.
2. Count how many places the decimal point moved.

3. If you moved it to the left (large number), the exponent is positive. If you moved it

to the right (small number), the exponent is negative.



G Example 5

Write 45,300,000 and 0.00062 in scientific notation, then write 3.8 x 10° in standard

form.
45,300,000 = 4.53 x 107 (7 places to the left).
0.00062 = 6.2 x 10~ (4 places to the right).

3.8 x 10° = 380,000 (move the decimal point 5 places to the right).

Not quite scientific

45 x 10% and 0.8 x 103 are correct values but not in scientific notation, because a is

not between 1 and 10. Rewrite them as 4.5 x 107 and 8 x 102.

7. Operations with scientific notation

Multiplying and dividing. Group the decimal parts and the powers of 10 separately, use the
product or quotient rule on the powers of 10, and finally fix the decimal part if it leaves the range
from 1 to 10.



G Example 6

8.4 x 10°
Compute (3 x 10%)(5 x 10%) and SEx Y

x 10%

(3 x 10%)(5 x 108) = 15 x 10" = 1.5 x 10,

8.4x10° 84
2.1x10* 21

x 10974 =4 x 10°.

Adding and subtracting. You can only add or subtract terms that carry the same power of 10. If
the powers differ, rewrite one number first.

G Example 7

Compute 3.2 x 105 + 4.1 x 10% and 6 x 10* + 5 x 10%.
Same power: 3.2 x 10° + 4.1 x 10° = (3.2 +4.1) x 10° = 7.3 x 10°.

Different powers: 5 x 10% = 0.5 x 10%, s0 6 x 10* + 0.5 x 10* = 6.5 x 10*.

8. Comparing very large and small quantities

Scientific notation makes comparisons easy. For positive numbers, first compare the exponents:
the larger exponent wins. If the exponents are equal, compare the decimal parts a. To find how

many times larger one quantity is than another, divide them.
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G Example 8

The Moon is about 3.84 x 108 m from Earth, and the Sun is about 1.5 x 10 m
away. Which is farther, and by what factor?

Since 11 > 8, the Sun is farther. Divide:

1.5 x 101 1.
dx107 _ 15 103 ~0.39 x 103 ~ 3.9 x 102

3.84 x 108  3.84

The Sun is about 390 times as far away as the Moon. For U.S. units, the Moon

distance is about 2.39 x 10° miles, using 1 mile ~ 1,609 m.

Negative exponents work the same way: 7 X 105 m (a hair’s width) is ten times larger than
7x107%m (a red blood cell), because the exponents differ by 1. Careful: with negative
exponents, 1072 is larger than 1073, since 0.001 > 0.00001.

Key takeaways

a™ means a multiplied by itself nn times; a is the base and n the exponent.

m
. a _
Product rule: a™ X a™ = a™*™. Quotient rule: g a™ " Same base only.
a

Power of a power: (a™)" = a™", and (ab)™ = a™b".

0 | : . .
a*=1landa™ = — for a #~ 0; a negative exponent flips the base, it does not make
a

the value negative.

Scientific notation: @ X 10™ with 1 < |a| < 10; positive n for big numbers, negative n for

tiny ones.

To add or subtract, match the powers of 10 first; to multiply or divide, handle the powers

of 10 with the exponent rules.

To compare, look at the exponents first, then at the decimal parts; divide to get “how

many times”.
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