Eigenvalues and Orthogonality: math test solutions,
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Test solutions with the detailed point scale. Add up your points and spot what to

review.

Suggested time: 45 minutes. Out of 20 points. Calculator allowed only when the problem
says so.

g Eigenvalues and eigenvectors

(a) Trace 15, determinant 56 — 6 = 50: A2 — 15\ + 50. (1.5 pts)
(b) A2 — 15X + 50 = (A — 5)(X — 10), so the eigenvalues are 5 and 10. (1 pt)

A=5A—-5I= <§ 2) gives (1,—1). A =10: A — 10I = (_33 22) gives (2, 3).

(1.5 pts)

e Diagonalization

(a) det(M — XI) = 3= A)[(1 = A)® — 4] = (3 — A)(A — 3)(A + 1). The eigenvalues
are 3 (twice) and —1. Check: trace5 =3 + 3 — 1. (2 pts)

(b) Yes. The vectors (1,0, 0) and (0, 1, 1) are independent eigenvectors for 3, and (0,1, —1)

is an eigenvector for —1. That gives three independent eigenvectors. (1 pt)



° Dot product and angle

(@) [lul| = V9 + 16 + 144 = 13. (1 pt)

62
b)u-w=6—-—44+60=62.||w| =+30.cosf =
Il 13v/30

~ 0.8707, so § ~ 29.5°. (2

pts)

()3t+124+24=0,s0t = —12. (1 pt)

° Orthogonal projection
(ayb-a=13, a-a=5sop = 1—53(2, —1) = (5.2, —2.6). (1.5 pts)

(b) b —p = (1.8, 3.6) and (1.8)(2) + (3.6)(—1) = 0. (0.5 pt) The distance is
v/3.24 +12.96 = v/16.2 ~ 4.02. (1 pt)

° Gram-Schmidt
u; =(2,1,2),u;-u; =9and vy -u; = 9. (1pt)
u; = (3,3,0)—1-(2,1,2) = (1,2,—2). Check: 2 +2 — 4 = 0. (1 pt)

Both vectors have length 3, so the orthonormal pair is (%, %, %) and (%, %, —%) (1 pt)

° Least squares

n=4Yc=6>Yy=24> 22=14Y zy=0+5+ 12+ 30 = 47. (1 pt)

4-47—-6-24 44 24 —13.2
= = — =29 = " " =27 ineisy = 2.7 + 2.2z.
b 1. 1436 50 2.2and a 1 2.7. The lineisy 7+ 22z

(1.5 pts)

For day 4: 2.7 + 8.8 = 11.5, about 115 bikes. (0.5 pt)
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