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Test solutions with the detailed point scale. Add up your points and spot what to

review.

Suggested time: 45 minutes. Out of 20 points. Calculator allowed only when the problem
says so.

g Logic

(a) (2 pts)

T T T F F
T F F T T
F T T F F
F F T F F

The last two columns agree in every row, so the statements are equivalent.

(b) (1 pt) “There exists a real number & such that for every integern, n < x.”



o A proof

The contrapositive is: if 7 is even, then n?

is even. (1 pt)
If n = 2k, then n? = 4k? = 2(2k?), which is even. (1 pt)

Since the contrapositive is true, the original statement is true. (1 pt)

° Induction

1-2-3
Base (1 pt): forn = 1, the left side is 1 and the right side is

=1
Hypothesis (1 pt): assume the formula holds for somen > 1.

Step (1.5 pts): adding (n + 1)2 gives
n(n+1)(2n+1) s (m+1)[n@n+1)+6(n+1)] (n+1)(2n®+ A
+(n+1)°= .
6 6 6
, which is the formula forn + 1.

Conclusion (0.5 pt): the formula holds for alln > 1.

o Sets and functions
(@) (1 pt) Multiples of 2: 6; multiples of 3: 4; multiples of 6: 2. So 6 + 4 — 2 = 8 integers.
(b) (1 pt) Each of the 3 inputs has 4 possible outputs: 43 = 64 functions.

(c) (1 pt) Injective: outputs must be distinct: 4 - 3 - 2 = 24 functions.



o Counting and graphs

(a) (1 pt) Order matters: 9 - 8 - 7 = 504.

(b) (1 pt) C(9,4) = % = 126.

(c) (1 pt) 6—25 = 15 edges.

(d) (1 pt) The degree sumis3 +3 + 3 + 3 + 2 + 2 = 18, so the graph has 16/2 = 8
edges.

o A recurrence

(a) (L pt)ay = 5, a2 =13, az = 29.

(b) Base (0.5 pt): 22 — 3 = 1 = ag. Step (1 pt): if a, = 272 — 3, then
Ani1 = 2(2"2% — 3) 4+ 3 = 23 — 3. Conclusion (0.5 pt): the formula holds for alln > 0.
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